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Abstract 

■ 

q ■ We study Nambu-Goto strings and branes. It is shown that they can be 

CN . considered as continuous limits of ordered discrete sets of relativistic particles 

for which the tangential velocities are excluded from the action. The linear in 
^ \ unphysical momenta constraints are found. It allows to derive the evolution 

operators for the objects under consideration from the "first principles". 

(N ; 

7-h ! 1. Introduction. 

> ; 

^ . We consider Nambu-Goto strings and branes. We start with the simplest 

psj ! case of one relativistic particle which formally can be considered as a 0-brane. 

The relativistic invariant form of its action is raparametrization invariant 
' and has a constraint, commonly taken in a quadratic form with the loss of 

information on the momentum sign. It led to some problems [1,2] in quantum 
J . description of free relativistic particles. In section 2 we explain how these 

problems can be overcome [3,4] using a linear "constraint" containing the 
(D \ sign of the velocity |^ in usual notations) and fixing the physical sector 

of quantum theory by the condition |^ > 0. After that the operator of 
\ evolution (and propagator [3]) can be derived from the "first principles" of 

^ ; quantum mechanics. 

■ In sections 3 and 4 we prove that p-branes may be considered as continu- 

ous limits of discrete sets of relativistic particles and that the p-brane action 

» = i/^'^, , = *^|, a) 

is a continuous limit of sum of properly modified relativistic particle actions. 
Here a, b — 0, 1, . . . , p and fj, — 0, 1, . . . , n where p + 1 and n + 1 are the brane 
worldsheet and the bulk space dimentions respectively; g is the induced met- 
ric determinant on the worldsheet. Strings correspond to the p = 1 case in 
(P). The modification is such that particle motions along the brane hyper- 
surface become unphysical. It yields p constraints; the remaining constraint 
(H = 0) is a consequence of arbitrariness of "time" Oq. 



1 



In sections 5 and 6 we consider dynamics of strings (p = 1) and branes 
(p > 1). The theories are reparametrization invariant for all p, n > p; each 
of them has p + 1 constraints. Usualy one of these constraints physicists take 
in a quadratic form. It causes the same problems as in the case of a single 
particle. We found that the operator of evolution can be constructed in the 
same way as in section 2; new difficulties are rather technical than conceptual 
ones. The solution is also similar to the p = case (a particle). 



2. Relativistic particle. 

Motion of free relativistic particle is defined by the well-known action 



S = —m J \J 1 — ~v 2 dt, 

where ~~v = J® . The canonical momentum is ~p = J=r = J nv ^ 2 = E p ~v 

with L being the Lagrangian, and the Hamiltonian is H = E p = \J m 2 + "p* 2 . 
We can write down the action in the explicitly relativistic invariant form by 
parametrization of the world line: x M = ^(cxo) (usually one uses r instead 
of a ) with x^(a ) = (t(cr ), ~x(a )), p, — 0, . . . , n. We denote x M = so 



that ~v = ~x 4zsi and 



S = — m / ^Jx^x^ddQ. 



It is the p = case of ((TJ) in which we put m (particle's mass) instead of 7. 
The vector of canonical momentum is 

dL Xu 

The obtained theory is invariant under reparametrization group oo — > 
5"o = /(c"o))j hence its Hamiltonian is zero and by squaring the equation (j2J) 
one gets a constraint: 

p 2 - m 2 = 0. (3) 

Of course, the information about the sign of po is lost. On the other hand one 
can prove that any constraint has to be linear in unphysical momenta [3,4]. 
It was a serious obstruction to the ab initio derivation of relativistic particle 
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propagator (authors of [1,2] used some additional assumptions). The problem 
was overcome only in [3]. One can obtain the solution in the following way. 

From the constraint © one finds p = ±\J m? + "p* 2 , and it is obvious 
from (j2J) that signp = — sigmc . Combining these facts we have 

p + £ P sign(i; ) = (4) 



with Ep{ p ) = \J m 2 + ~p 2 . The Hamiltonian is zero and the total Hamilto- 
nian [5] is 

H T = v (p + £pSignO )) . 

Here v is the Lagrange multiplier. Strictly speaking Eq. (@J) is not a constraint 
because it contains velocity (and Ht is not a Hamiltonian due to the same 
reason). But it depends only upon the sign of x, and this fact allows us to 
formulate the quantum theory. 

We fix the <To "time arrow" by condition 

dx° , , 

j— > 5 

which forces us to admit that v > (because Ax° = vAa , see later). We 
use the evolution operator 

XJ w {x,x) = (x\ exp(— iloHt)\x) , 

ip{x, a + u>) = J d 4 xUu(x,x)vf)(x,<7o) 
and the following relation for infinitesimal u: 

x\exp(—iuHT)\x) = / d 4 p (x\ exp(— iuH T (x, p))|p) (p\x) . 



Integrating over po and (with use of ^-function S(x° — x° — oov)) over xq we 
get for the wave function [4]: 

ij(x°,l?) = J ^^exp^p.Ax 1 - Ax £ p ])^°,^), (6) 

where Ax° = vu, and we omit the argument do because all the information on 
(To is accumulated in x°. Using (JBJ) one can get the right Feynman propagator 
for a relativistic particle [4]. 
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3. String as an ordered system of relativistic particles. 



Now we show that any string and brane can be described as a system 
of particles. More precisely, the action ((TJ) may be regarded as a continuous 
limit of sum of free relativistic particle actions provided that we take v ± 
instead of v , where v ± is the part of velocity orthogonal to the constant 
time hypersurface of the brane worldsheet. We deal here with a kind of 
indirectly introduced particle interaction. 

In this section we consider a string (1-brane) and reproduce the proof of 
our statement by an explicit calculation [6]. We consider iV + 1 particles with 
the position vectors ~Xk(%°), k — 0, 1, . . . , N and the action 



N 

S = —m 

fc=0 



I dx°yfl-lP k± (aP), (7) 

J n J 



in which v k = and 



— y — y ( v k ' A X k) \ y A — y —y —y 

V k± = V k _» A X k , A X k = X fc+ i - X k- 

{Ax k y 

In the continuous limit we define ^ — * ax, — > k {<J\), — ¥ 7- Here 
<7i G [0, A]; usually one takes A = rc, but for our purposes it may be natural 
to consider A as the string length and |A~affc| = 4, | k | = 1. In any case we 



have 

N 



A;=0 ^ 



— >2 



with k = 9x ^g cr ^ aiS> , ~~v = dx< Q x o' 71 ^ and = ~~v — - ^ ~ & • The string 

length is L = J | A: |c?<Ji. After that we parametrize the worldsheet x° = 
x°((Jo, o"i), x = x (cro,0"i) introducing a new parameter ao (again the stan- 
dard notations are x° t and cr t). We have x = 8x ^ CTl ' > = (1, "u > )io ) 
x' = = ( Zo ' ? + lfa ') and 



S = —7 / cZ 2 cri° I k\\ 1 — ~v 2 ± 
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The last expression is equal to the Nambu-Goto action: 



S = —7 / d A a\l (xx 1 ) 2 — x 2 x' 2 . 



Of course, one could start with it and get S = —7 J dx°dly 1 — ~v± 2 which 
is a continuous limit of Q. 

We can also propose another discrete analogue of the Nambu-Goto string. 
Let's consider the following action: 

N 



k=0 J 



where x% ± is the part of x% perpendicular to x£ +1 — x%. The continuous 
limit is TV — > 00, ^ — > <ti, j^j^ — > 7 with the invariant interval (Asfc) 2 = 

« +1 - <)0w - ^J- We have < = ^ - f^*'", (^) 2 = z' 2 , and 



5 = —7 y dr\ds\\j x 2 — - ' = —7 ^ da Q da\\J (xx') 2 — x 2 x' 2 . 

In contrast to the previous paragraph the presented discrete theory has the 
relativistic invariant form from the very begining but even the sense of x± 
depends upon the parametrization of the worldsheet. In the gauge <To = x° 
these two approaches coincide. 



4. Brane as an ordered system of relativistic particles. 

Now we shall prove our statement for p > 1. We consider (N + l) p 
particles arranged into some p-dimensional lattice with the position vectors 
% i!i 2 ...ip an d the action 

. N N 

S = -m /^E'-'Ev 1 -^-^ 

J i 1= o i p =0 

where v i li ...i p ± is the component of v ix ___i p perpendicular to x i 1 ...i k +i.„i p — 
~Xi 1 ...i k ...i p for all k. In continuous limit we demand ^ — > and ™ — > 7 
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with AV being volume of a cell of the lattice. The action takes the form 

S = —7 J dxodVy 1 — and we need to prove that S is equal to (JTJ). 

For the sake of simplicity first we consider some special coordinate system 
on the brane. Let the brane be parametrized by (Tq, <7i, . . . , a p , cr.; G [0, A] 
for i = 1, . . . , r>. We choose a coordinate system in which cr = x°, so that 

0, i 7^ j. It is always possible, locally at least. 

9x ^ ,cr ^ and ~v = ^^g^.o'' 7 '' 1 011 the worldsheet. In our 
coordinate system k i is orthogonal to k j, i ^ j and 



^ = 0, and 
Let's denote k , = 



i=l 



~v k j) 

k; 



k i . 



Of course, one can find v j_ without the orthogonality condition with the use 
of standard orthogonalization procedure, but in section 6 more simple proof 
is presented. 



We have jt~ 

aao 



[1, v) and 



9cr» 



(0, k i), so the determinant in (JTJ) is 



1 — ' z 
I — v 

—~v k 1 

-V k 2 

—1? k „ 



v k 1 — ~~v k 2 
-kl 

-kl 



lli-ki 



~v k 





k^ 



k; 



J 



where a,b = 0,1, ... ,p. It is not also difficult to see that the volume element 

v 

at the constant time hypersurface on the brane worldsheet is dV = f| | feeder;. 

i=l 

We conclude that the action 



S = —7 J d<7 d n <Ji 
It proves our statement. 



dx^ dx u 

det 



do a da b 



7 / dxodVy 1 — v 



(8) 
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5. Dynamics of strings. 



As it was mentioned in the Introduction, the evolution operator U w can 
be constructed for strings and branes in the same way as in section 2 [7]. 
For p — 1 action $1} is the action of free bosonic string with the Lagrange 
density [6,8-11] 



£■ = ~1\T~9 — {ix') 2 — x 2 x' . (9) 

We assume that x is timelike and x' is spacelike, so that ao can be regarded 
as a time parameter. In this case the momentum 

dC {xx )x„ x x^ 

7 m = ( 10 ) 



9x^ \f(x:i' )- — 



will also be timelike. One easily gets two constraints 



p.x"* = 0, (11) 
p 2 + 7 V 2 = 0. (12) 

The second one is obtained by squaring the Eq. (fTUj) and hence some infor- 
mation is lost. As in the case of a pointlike particle Eq. (|T2"j) yields po = ±-Ep 

with E p = \J~p 2 — 7 2 x' 2 . The sign of po follows from the definition of the 
momentum. We have 

po + E p (x, "p ) sign(yo) = 0, 

where = (xx')x' — x' 2 x^. The vector y is obviously timelike (indeed, 
y 2 = x' 2 g > and y^ = —g > 0, so that signi: = sign?/ ). We get the 
"constraint" analogous to (jlj): 

Po + £ p (a;, 7)sign(i°) = 0. (13) 

The " Hamiltonian" of the theory H = p +E p sign x° is zero, and demand- 
ing again signi: > we get the total Hamiltonian H T = u(p + E p ) + vp^x' fJ '. 
We have two unphysical momenta and need to exclude them from Ep. Let's 
exclude po and pi (we denote the remaining components by the lower index 
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(po,Pi,P>))- One can find pi from (JTTJ if x[ ^ 0. In [7] we 



restricted ourselves to the = and had 



^,p>) = w(^) 2 + p 2 >-7V 2 



In general case one can substitute p! from (JTTJ) to (fT2|) and get a quadratic 
equation for p : 



If | re' 1 1 > it has two real roots of opposite signs, and we can choose 

a proper one following (fT3*j) . Otherwise we have to try to exclude another 
component of p M from E p . It's always possible because x' is spacelike and 

\x' | > \x' \. In section 3 we have seen that the unphysical degree of freedom 
is related to the motion of particles along the string. 

Now we write down the evolution equation (see section 2) 



iP(x) = J D n+1 x{a x ) ^x(a 1 )|exp(-^// T )|£((x 1 )^(£((T 1 )) = 

= J D n+1 pD n+1 xexp(i[p^Ax» -uu(p + E p (x,p ± )) -uvp^ijix) = 

= J D n ' 1 p > D n+1 xexp(i[-p > Ax > - uuE p (x, p>) + tuvp > x' > ])x 

x 5(Ax° — uju — uvx'°)S(—Axi + ujvx'^i/jIx). 

Here Dx and Dp denote differentials in the functional spaces and all the 
integrals are functional ones (path integrals). 

5-Functions determine the Lagrange multipliers uv = ^r 1 and uju = 

o Xl 

Ax° — x yielding the final result 
ifj(x) = J D n - 1 p > D n - 1 S: > exp(i[-p > Ax > - 

V x i J x i 

If x' = 0, Eq. © implies u > 0. 
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6. Dynamics of branes. 

We turn to the general case of action ((TJ). We denote the ctq, <7i, . . . , a p 
derivatives of x by £o,£,i, . . . ,x tP . Again we assume that the vector x^ is 
timelike, and vectors x^ are spacelike (here and hereafter in this chapter 
i, k, I = 1, . . . ,p while a,b = 0, . . . ,p). Now in the action (JTJ) 

a(rr\ - ^ r M)--b p —CtOiOO . . . ™ , t «p^p 

ii\ u ) -)- 1)1 °'" ap ■ L ao,bo- h ^oipfip^ 

with e being the unit antisymmetric Levi-Civita symbol, and the canonical 
momentum is 

Pfi = ~ / , , : €0ai...a p € Px ^,bo x ,b\ * X' • • • X ,b p ' X' p . 

Evidently p^x^ = due to antisymmetry of e, and using the equality 

e a °- a pg((j) = e b °- bp x :bo ■ x A0 . ..x >bp ■ x> ap 

one obtains p 2 = (— l) p ^ 2 ((x), = detx^x^k- So, with the loss of 

information about the sign of po, the constraints are 

p M x5 = 0, i = l,2,...,p; (14) 
p 2 - (-l)VC(x) = 0. (15) 



From (02) we have p = ±£ p with E p = J ~p 2 + (-1)pj 2 ((x). Again, the p 
sign can be easily found: p M and timelike and p^i^ = — 7a/ (—l) p g < 0, 

hence sign(p ) = — sign(x ). The result is similar to 

po + E p sign(x°) = 0, 

the " Hamiltonian" is equal to zero and the total Hamiltonian Hx = u(p + 
E p (x, ~p)) + Vip„x^. 

Here p+1 momenta are unphysical ones. We assume that det(xj ) fe) ^ 
(xi t k is an pxp matrix) and exclude momenta pi, . . . ,p p from Ep. Due to ((Hj) 
we have pj = ([x, t ]~ 1 )u(poX 0j i — p > x > j). Here we denoted all the components 
of p M with fx > p by the lower index ">", and ([x.J -1 )^ = du is a matrix 
inverse of x\^. Then (I15|) turns into quadratic equation 

po 2 (l - diiXojd ik x 0:k ) + 2p d i i(p > x > j)di k Xo ! k- 

- da(p>x>,i)dik(p>x > ,k) - {-l) p ~f 2 ({x) = 0. 
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It has two real roots of opposite signs if and only if 

dux 0) idikX 0jk < 1. 

The sufficient condition is that the norm of Xi clS db linear operator is greater 
than the length of p-dimensional vector xqj. If xqi = the simple answer 
exists: 



E p = £ p (a;,p>) 

For the wave function we have path integrals (taking © into account) 



|>i(s, p>)) 2 + |£ + (-l)VC0»0- 

\ i=l 



ip(x) = j D n+1 pD n+1 xexp(i[p„Ax^- 

- uu(p + E p (x, - ujVipf.x^tp^x) = 

= J D n ~ p p > D n+1 xexp(i{-p > Ax > - uuE p (x, p>) + ujv i p > x >> i])x 

r 

X S(Ax° - LOU - LOVix' oi ) Y\ S(-Axi + LOViXi t i)lj){x). 

1=1 

Again 5-functions determine the Lagrange multipliers 

uvi = duAxi, 
uju = Ax° — uviXQ ti 

and reduce the number of integrals over x: 

ip(x) = J £> n - p p >J D"- p 5>exp(z[-p > Aa; > - 

- (Ax° - dii(Axi)x 0> i)E p (x,p > ) + d i i(Axi)p > x > ^})ilj(x). 

So, we found out the structure of constraints and wrote down the evolu- 
tion operator in the same way as in section 2. It isn't surprising remembering 
results of sections 3 and 4. Now we are ready to prove this statement without 
fixing any special coordinate system. We just need to find out the general 
formula for v j_. Notice that by definition p M lies in a hyperplane of x^ and 
x^. Then, due to the constraints (HU), p M is proportional to x± Q . We have 
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n _ dx^jx^a-,) _ anc | j ience p/i j g a \ SQ proportional to Vj_: v± — ap^. To 



find the coefficient a we take v^p u = x 'o M = — ^-u (the last equality 

is just the Euler's homogeneous function theorem) and p^p^ = (— l) p 7 2 C(x). 
But v^p^ = ttp^p^, hence we have 

and 1 - ~v\ = v^ ± = ( -^0r = T^r, so 



y dx°dV^I 1 — = y a: o dao^J\detx^x^k\ d p <Ji^J ^ q2 = y ^ P+lcr \/M- 

We proved (JHJ) and the main statement of sections 3 and 4 for the most 
general case. 
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